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ON THE EXISTENCE OF UNIVERSAL FAMILIES OF MARKED
IRREDUCIBLE HOLOMORPHIC SYMPLECTIC MANIFOLDS
EYAL MARKMAN
Abstract. We prove the existence of a global family with natural universal properties over
every component of the moduli space of marked irreducible holomorphic symplectic manifolds.
The analogous result follows for the Teichmu¨ller spaces.
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1. Introduction
An irreducible holomorphic symplectic manifold is a simply connected compact Ka¨hler man-
ifold X, such that H0(X,Ω2X) is one dimensional spanned by an everywhere non-degenerate
holomorphic 2-form [Be1, Hu1]. The second integral cohomology of X is endowed with a non-
degenerate integral symmetric bilinear pairing of signature (3, b2 − 3), where b2 is the second
Betti number of X. The pairing is known as the Beauville-Bogomolov-Fujiki pairing. A marking
for X is an isometry η : H2(X,Z) → Λ with a fixed lattice Λ. An isomorphism of two marked
pairs (Xi, ηi), i = 1, 2, consists of an isomorphism f : X1 → X2, such that η1 ◦ f
∗ = η2.
Given an analytic space B and a discrete group H, denote by HB the trivial local system
over B with fiber H. A family of marked irreducible holomorphic symplectic manifolds over an
analytic base B consists of a family π : X → B of such manifolds, together with an isometric
trivialization η : R2π∗Z → ΛB . We will call the pair (π, η) a Λ-marked family for short. Two
Λ-marked families (π : X → B, η) and (π˜ : X˜ → B, η˜) are isomorphic, if there exists an
isomorphism f : X → X˜ , such that π˜f = π and η˜ = η ◦ f∗, where f∗ : R2π˜∗Z → R
2π∗Z is the
isomorphism induced by f . Given a marked family (π : X → B, η) and a morphism κ : B˜ → B,
we get the pulled back family κ∗(π) : X ×B B˜ → B˜ with the marking κ
∗(η). Let FΛ be
the functor, from the category of analytic spaces to the category of sets, which associates to
an analytic space B the set of isomorphism classes of Λ-marked families (π, η) over B. There
exists a non-Hausdorff (disconnected) complex manifold MΛ of dimension rank(Λ) − 2, which
coarsely represents FΛ [Hu1].
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Let X be an irreducible holomorphic symplectic manifold. Denote by Aut0(X) the sub-
group, of the auotomorphism group Aut(X) of X, consisting of elements which act trivially on
H2(X,Z). Huybrechts proved that Aut0(X) is a finite group [Hu1, Prop. 9.1(v)]. Associated
to every family π : X → B of irreducible holomorphic symplectic manifolds we have a local
system Aut0(π) over B, whose fiber over b ∈ B is the group Aut0(Xb) of the fiber Xb of π over
b, by [HT, Theorem 2.1].
Given anAut0(π) torsor P over B, we get the family X˜ := X×
Aut0(π)P. Denote by π˜ : X˜ → B
the natural projection. Note that the local systems R2π∗Z and R
2π˜∗Z are naturally isomorphic,
and so a marking η for the former induces a marking η˜ for the latter. We denote this new marked
family by (π˜, η˜) := (π, η) × P. Two Λ-marked families (π : X → B, η) and (π˜ : X˜ → B, η˜) are
said to be equivalent, if there exists an Aut0(π) torsor P over B, such that (π˜, η˜) = (π, η)×P.
The map P 7→ (π, η)×P is a bijection between the set H1(B,Aut0(π)), of isomorphism classes
of Aut0(π) torsors, and the set of isomorphism classes of Λ-marked families equivalent to (π, η).
Its inverse sends (π˜, η˜) to the isomorphism class of the Aut0(π) torsor Isom((π, η), (π˜, η˜)) of
local isomorphisms of the two families compatible with the markings. We elaborate on this
bijection in Remark 4.4.
Let Λ be the trivial local system over MΛ with fiber Λ. The main result of this paper is the
following statement.
Theorem 1.1. There exists a family π : X →MΛ of irreducible holomorphic symplectic mani-
folds and a marking η : R2π∗Z→ Λ satisfying the following universal property. Given a family
of Λ-marked irreducible holomorphic symplectic manifolds (π˜ : X˜ → B, η˜) over an analytic
space B, the pullback (κ∗(π), κ∗(η)) via the classifying morphism κ : B → MΛ is equivalent to
(π˜, η˜). The marked family (π, η) satisfying this property is unique, up to isomorphism. Aut0(π)
restricts to each connected component of MΛ as a trivial local system.
The Theorem is proved in section 4. The Teichmu¨ller space of an irreducible holomorphic
symplectic manifold X maps to the moduli space of marked pairs [Ver, Cor. 4.31], and so the
universal family over the latter pulls back to one over the Teichmu¨ller space.
Consider the moduli space MΛ,G of isomorphism classes of triples (X, η, ψ), where (X, η) is a
marked irreducible holomorphic symplectic manifold, and ψ : Aut0(X)→ G is an isomorphism
with a fixed finite group G. The automorphism group Aut(X, η) of the marked pair (X, η) is
Aut0(X), and the automorphism group Aut(X, η, ψ) of the triple is the center of Aut0(X).
Remark 1.2. If the center of G is trivial, then the moduli space MΛ,G represents the functor
from the category of analytic spaces to the category of sets, which associates to an analytic
space B the set of isomorphism classes of triples (π, η, ψ), consisting of a family π : X → B of
irreducible holomorphic symplectic manifolds, an isometric trivialization η : R2π∗Z→ ΛB, and
a trivialization ψ : Aut0(π) → GB . The local universal families glue in this case uniquely to a
global universal family.
Let us sketch the proof of Theorem 1.1. We have the forgetful morphism φ : MΛ,G → MΛ.
We first show that φ restricts to each connected component M0Λ,G of MΛ,G as an isomorphism
onto the corresponding connected component M0Λ of MΛ (Lemma 2.2).
Fix a connected component M0Λ,G of MΛ,G. Let Λ be the trivial local system over M
0
Λ,G
with fiber Λ and define G similarly. Consider the stack G over M0Λ,G, which associates to each
subset U of M0Λ,G, open in the classical topology, the following category G(U). Objects of G(U)
are triples (π, η, ψ), consisting of a family π : X → U of irreducible holomorphic symplectic
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manifolds, an isometric isomorphism of local systems η : R2π∗Z→ ΛU , and an isomorphism of
local systems ψ : Aut0(π)→ GU , such that the triple (Xt, ηt, ψt) over a point t of U represents
the isomorphism class parametrized by t as a point of the coarse moduli space M0Λ,G. The
morphisms of G(U) are isomorphisms of families, compatible with the trivializations of the two
local systems.
We observe next that G is a gerbe overM0Λ,G with band the trivial sheaf of groups Z with fiber
the center Z of G (Lemma 3.6). See section 3 for the definitions. Equivalence classes of gerbes
with band Z, satisfying a technical property shared by G, are parametrized by Hˇ2(M0Λ,G, Z)
[Gi], [Br, Theorem 5.2.8], [Moe, Theorem 3.1], and Lemma 3.7 below. The existence of a
universal family over M0Λ,G is equivalent to the triviality of the gerbe, by [Gi, III.2.1.1.2], and
is thus also equivalent to the vanishing of the class [G] ∈ Hˇ2(M0Λ,G, Z). Denote by φ∗[G] the
image of [G] in Hˇ2(M0Λ, Z) via the isomorphism φ : M
0
Λ,G →M
0
Λ.
Associated to a Ka¨hler class ω on X and a marking η is a twistor line Twω,η in M
0
Λ through
the marked pair (X, η) [Hu1, 1.13]. Twω,η is isomorphic to a projective line P
1. Finally, we show
that the restriction homomorphism Hˇ2(M0Λ, Z) → Hˇ
2(Twω,η, Z) is an isomorphism (Lemma
4.2). The image of φ∗[G] in Hˇ
2(Twω,η, Z) vanishes, by the existence of the twistor family over
Twω,η. Hence, the class [G] is trivial and Theorem 1.1 follows.
Irreducible holomorphic symplectic manifolds of K3[n]-type are those, which are deformation
equivalent to the Hilbert scheme of length n subschemes of a K3 surface. If X is of K3[n]-type,
then any automorphism of X, which acts trivially on H2(X,Z), is the identity. This follows
for Hilbert schemes by a result of Beauville [Be2], and consequently also for their deformations,
see [HT, Sec. 2]. The automorphism group of every marked pair (X, η), with X of K3[n]-type,
is thus trivial, and Theorem 1.1 is known in this case.
Example 1.3. Fix an integer n ≥ 2. Let T be a two-dimensional compact complex torus,
T [n+1] its Douady space of length n + 1 subschemes, T (n+1) its (n + 1) symmetric product,
and consider the fiber K [n](T ) over 0 ∈ T of the composition T [n+1] → T (n+1) → T, where the
left arrow is the Hilbert Chow morphism, and the right is summation. The fiber K [n](T ) is a
2n-dimensional irreducible holomorphic symplectic manifold known as the generalized Kummer
manifold associated to T [Be1]. Translation by points of T of order n+1 induce automorphisms
of T [n+1] leaving K [n](T ) invariant, as does multiplication by −1. These automorphisms gener-
ate Aut0(K
[n](T )), by [BNS, Cor. 5]. When X is deformation equivalent to K [n](T ), Aut0(X) is
thus isomorphic to the semidirect product [Z/(n+1)Z]4⋊Z/2Z, where the non-trivial element
of Z/2Z acts on [Z/(n + 1)Z]4 via multiplication by −1 (see [BNS, Theorem 3 and Corollary
5]). The center of Aut0(X) is trivial, if n is even, and it is isomorphic to [Z/2Z]
4, if n is odd.
The group Aut0(X) acts faithfully on the total cohomology ring H
∗(X,Z), when X is defor-
mation equivalent to a generalized Kummer manifold, by a result of Oguiso [Og, Theorem 1.3].
An alternative proof of Theorem 1.1 for this deformation type follows from Oguiso’s result via
the argument used in the proof of Lemma 2.2 below.
The classification of irreducible holomorphic symplectic manifolds is an open problem. Two
additional deformation types are known at present, one of six dimensional manifolds [O’G2]
and one of ten dimensional manifolds [O’G1].
This work was motivated by the talk of Zhiyuan Li at the workshop “Hyper-Ka¨hler Manifolds,
Hodge Theory, and Chow Groups” at the Tsinghua Sanya International Mathematics Forum in
December 2016. In his talk Li surveyed consequences of the existence of universal families over
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Teichmu¨ller spaces to the study of cycles on moduli spaces of polarized irreducible holomorphic
symplectic manifolds, generalizing previous work in the K3 surface case [BLMM].
2. Moduli spaces of marked pairs and triples
Fix a lattice Λ isometric to the Beauville-Bogomolov-Fujiki lattice of some irreducible holo-
morphic symplectic manifold. Set ΛC := Λ⊗Z C. Let ΩΛ be the period domain of irreducible
holomorphic symplectic manifolds with Beauville-Bogomolov-Fujiki lattice Λ
(2.1) ΩΛ := {ℓ ∈ P(ΛC) : (ℓ, ℓ) = 0, and (ℓ, ℓ¯) > 0}.
Fix a connected component M0Λ of the moduli space of marked irreducible holomorphic sym-
plectic manifolds. The period map P : M0Λ → ΩΛ sends the isomorphism class of a marked
pair (X, η) to η(H2,0(X)). Given a point ℓ ∈ ΩΛ, denote by Λ
1,1(ℓ) the sublattice of Λ or-
thogonal to ℓ. The period map is a surjective local homeomorphism [Hu1]. P is generically
injective and any two points in the same fiber of P are inseparable, by Verbitsky’s Global
Torelli Theorem [Ver, Hu2]. A point (X, η) in M0Λ is a separated point, if and only if the
Ka¨hler cone of X is equal to its positive cone, where the latter is the connected component of
{α ∈ H1,1(X,R) : (α,α) > 0} containing the Ka¨hler cone [Ver, Hu2] (see also [Ma, Theorem
2.2 (4)]). Consequently, if Λ1,1(ℓ) is trivial, or cyclic spanned by a class λ with (λ, λ) ≥ 0, then
the fiber P−1(ℓ) consists of a single separated point of M0Λ [Hu1, Corollaries 5.7 and 7.2] (see
also [Ma, Theorem 2.2 (5)]).
Lemma 2.1. Every local system over M0Λ is trivial.
Proof. The period domain ΩΛ is simply-connected, by [Hu3, Cor. 3]. Hence, it suffices to prove
that every local system L over M0Λ is the pullback of a local system over ΩΛ via the period
map P . Choose a covering U := {Ui : i ∈ I} of M
0
Λ by simply connected open subsets Ui,
such that P restricts to each Ui as a homeomorphism. Set Vi := P (Ui). We get the open
covering V := {Vi : i ∈ I} of ΩΛ, by the surjectivity of the period map. Given an n-tuple
~i := (i1, i2, . . . , in) ∈ I
n, denote by J~i the set of connected components of U~i := ∩
n
k=1Uik . Set
V~i := ∩
n
k=1Vik . The period map restricts to an open embedding of U~i into V~i. The complement
of P (U~i) in V~i is contained in the intersection of V~i with the countable union of closed complex
analytic hyperplanes ΩΛ ∩ λ
⊥, as λ varies in the set of primitive classes in Λ with (λ, λ) < 0,
by the Global Torelli Theorem. Consequently, each connected component of V~i contains the
image of a unique connected component of U~i, by [Ver, Lemma 4.10]. We get a one-to-one
correspondence between the set of connected components of U~i and V~i.
The restriction L|Ui
of L to Ui is a trivial local system, for all i ∈ I, as Ui is simply con-
nected. Set Γ(Ui,L) := H
0(Ui,L|Ui ). The evaluation homomorphism ev
i
t : Γ(Ui,L)→ Lt is an
isomorphism, for every fiber Lt of L over a point t of Ui. Given ~i ∈ I
2 and c ∈ J~i, denote by Uc
the corresponding connected component of U~i. Given points ti and t
′
i in Ui, parallel transport
along any path from ti to t
′
i in Ui is given by ev
i
t′i
(eviti)
−1. The restriction homomorphism
ρikc : Γ(Uik ,L) → Γ(Uc,L) is an isomorphism, for k = 1, 2, and for every c ∈ J~i. Hence, the
gluing of L|Ui1
and L|Ui2
along Uc is determined by the isomorphism
fc,i1,i2 := (ρ
i1
c )
−1 ◦ ρi2c : Γ(Ui2 ,L)→ Γ(Ui1 ,L)
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in the sense that the following diagram is commutative for a point tc in Uc.
Γ(Ui2 ,L)
ρ
i2
c
//
ev
i2
tc &&▼
▼▼
▼▼
▼▼
▼▼
▼▼
fc,i1,i2
!!
Γ(Uc,L)
evctc

Γ(Ui1 ,L)
ev
i1
tcxxqq
qq
qq
qq
qq
q
ρ
i1
c
oo
Ltc
Given a point t ∈ Ui1 ∩ Ui2 , set gi1,i2(t) := fc,i1,i2 : Γ(Ui2 ,L) → Γ(Ui1 ,L), where Uc is
the connected component containing t. The transformation gi1,i2 glues the trivializations
L|Ui1
∼= Γ(Ui1 ,L)Ui1
and L|Ui2
∼= Γ(Ui2 ,L)Ui2
along Ui1,i2 .
Let Pi : Ui → Vi be the restriction of P to Ui. Denote by P
∗
i : Γ(Vi, Pi,∗L|Ui ) → Γ(Ui,L|Ui )
the natural isomorphism and let Pi,∗ be its inverse. We get the isomorphisms
f¯c,i1,i2 := Pi1,∗ ◦ fc,i1,i2 ◦ P
∗
i2
: Γ(Vi2 , Pi2,∗L|Ui2
)→ Γ(Vi1 , Pi1,∗L|Ui1
).
The latter determines a gluing of Pi1,∗L|Ui1
and Pi2,∗L|Ui2
along the connected component Vc
of Vi1,i2 , for every c ∈ J~i, hence along all the connected components of Vi1,i2 . Denote by g¯i1,i2
the gluing of the trivializations Pik,∗L|Uik
∼= Γ(Vik , Pik ,∗L|Uik
)
Vik
, k = 1, 2, along Vi1,i2 . These
gluing transformations satisfy the co-cycle condition g¯i,k = g¯i,j g¯j,k, since each g¯i,j pulls back to
gi,j and the gi,j ’s satisfy the co-cycle condition. Let L be the local system over ΩΛ determined
by the covering V and the gluing transformations g¯i1,i2 . Then the restriction of P
∗L to Ui is
naturally identified with that of L and each gluing transformation P ∗g¯i1,i2 restricts to gi1,i2 .
Hence, L is isomorphic to P ∗L. 
We keep the notation of the introduction. Fix a group G isomorphic to the group Aut0(X) of
some irreducible holomorphic symplectic manifold X. The moduli space MΛ,G is constructed
by gluing all Kuranishi families π : X → U , each endowed with a choice of an isometric
trivialization η : R2π∗Z → ΛU and a trivialization ψ : Aut0(π) → GU . The construction
is completely analogous to that of MΛ in [Hu2, Prop. 4.3]. The following is an immediate
corollary of Lemma 2.1.
Lemma 2.2. The forgetful morphism φ : MΛ,G → MΛ restricts to each connected component
M
0
Λ,G of MΛ,G as an isomorphism onto the corresponding connected component M
0
Λ of MΛ.
The set of connected components of MΛ,G over M
0
Λ forms a torsor under the group of outer
automorphisms of G.
Proof. Let Adg ∈ Aut(G) be conjugation by g ∈ G. G acts on the set Isom(Aut0(X), G), of
group isomorphisms from Aut0(X) onto G, by the action ψ 7→ Adg ◦ψ. Similarly, f ∈ Aut0(X)
acts on Isom(Aut0(X), G) via ψ 7→ ψ ◦ Adf−1 . The set of orbits for the two actions coincide
and we get a natural identification Isom(Aut0(X), G)/G = Isom(Aut0(X), G)/Aut0(X), so we
denote both orbit spaces by Out(Aut0(X), G). Over MΛ we have the local system OutG, whose
fiber over the point corresponding to the isomorphism class (X, η) is Out(Aut0(X), G). If f is
an automorphism of a marked pair (X, η), then f belongs to Aut0(X). Hence, the local system
OutG is well defined.
The moduli space MΛ,G is simply the total space of the local system OutG. The local system
OutG restricts to a trivial local system over each connected component M
0
Λ, by Lemma 2.1.
Hence, connected components of MΛ,G are simply global sections of OutG. 
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Given an abelian group A and a topological space S, denote by Hˇ i(S,A) the i-th Cˇech
cohomology of S with coefficients in A.
Lemma 2.3. The pull back homomorphism P ∗ : Hˇ i(ΩΛ, A)→ Hˇ
i(M0Λ, A) is an isomorphism,
for every abelian group A.
Proof. We keep the notation of the proof of Lemma 2.1. The simply connected open sets U
of M0Λ, such that P restricts to U as a homeomorphism, form a basis for the topology of M
0
Λ.
Given an open covering U = {Ui}i∈I , consisting of such open sets, we get an open covering
V := {Vi := P (Ui)}i∈I of ΩΛ. The covering U is a refinement of the covering {P
−1(Vi)}i∈I , so
we get a pullback homomorphism
P ∗ : Hˇ i(V, A)→ Hˇ i(U , A).
Every open covering of ΩΛ admits a refinement by an open covering V as above. Hence, it
suffices to prove that the pullback homomorphism displayed above is an isomorphism, for such
a covering U of M0Λ and the induced covering V of ΩΛ. The degree n group C
n(U , A) in the
Cˇech complex is ⊕~i∈In+1 ⊕c∈J~i Γ(Uc, A) and Γ(Uc, A) = A. The natural bijection between the
connected components of U~i and V~i, observed in the proof of Lemma 2.1, implies that the
pullback homomorphism P ∗ induces an isomorphism of Cˇech complexes. 
3. Gerbes
Definition 3.1. A fibered category (or a presheaf of categories) F over a topological space S
consists of the following.
(1) A category F(U) for each open subset U of S.
(2) A functor i∗ : F(U)→ F(V ), for each inclusion i : V → U of open sets.
(3) A natural isomorphism τij : (ij)
∗ → j∗i∗ for each composition W
j
→ V
i
→ U of inclu-
sions.
The natural isomorphisms are assumed to satisfy a natural associativity property [Gi],[Br,
Def. 5.2.1]. See also [Moe, Def. 2.1].
Definition 3.2. A fibered category F over a topological space S is called a prestack if, for any
pair of objects a, b of F(U), the presheaf Hom(a, b) over U , associating to an inclusion i : V → U
of an open subset V the set HomF(V )(i
∗a, i∗b), is a sheaf. A prestack F is called a stack, if it
satisfies an additional descent condition for objects [Gi, Br] (see also [Moe, Def. 2.6]).
Definition 3.3. ([Gi], [Br, Def. 5.2.4], or [Moe, Def. 3.1]). A gerbe over a topological space S
is a stack G satisfying the following properties.
(1) Each category G(U) is a groupoid.
(2) S admits a covering by open sets U , such that G(U) has an object.
(3) Given objects a, b of G(U), any point x ∈ U has an open neighborhood V ⊂ U , such
that HomG(V )(i
∗a, i∗b) is non-empty, where i : V → U is the inclusion.
Let G be a gerbe over a topological space S, such that for every open set U and every object
a of G(U), the group AutG(U)(a) is abelian. We define next a sheaf Z of abelian groups called
the band of G. For a more general definition, for arbitrary gerbes, see [Gi] or [Moe, Def. 3.2].
We can choose an open covering U := {Uα} and an object aα in G(Uα), yielding a sheaf Aut(aα)
over each Uα, by Axiom (2) of Definition 3.3. These sheaves admit a canonical gluing to a sheaf
Z of abelian groups as follows. Choose a covering {U ξαβ} of each Uαβ , such that there exists
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an isomorphism f ξαβ from the restriction (aβ)|
U
ξ
αβ
of aβ to U
ξ
αβ to the restriction (aα)|
U
ξ
αβ
of aα.
Such a covering exists, by Axioms (1) and (3) of Definition 3.3. Conjugation by f ξαβ induces a
sheaf isomorphism
(3.1) λξαβ : Aut
(
(aβ)|
U
ξ
αβ
)
→ Aut
(
(aα)|
U
ξ
αβ
)
.
Now λξαβ is independent of the choice of f
ξ
αβ, since any other choice is of the form hf
ξ
αβ , for an
element h of the abelian group Aut
G(Uξαβ)
(
(aα)|
U
ξ
αβ
)
. In particular, λξαβ and λ
ξ˜
αβ agree over
overlaps U ξαβ ∩ U
ξ˜
αβ and define an isomorphism
λαβ : Aut
(
(aβ)|Uαβ
)
→ Aut
(
(aα)|Uαβ
)
.
The isomorphisms λαβ satisfy the co-cycle condition λαβλβγλγα = 1 in Aut
(
Aut
(
(aα)|Uαβγ
))
,
as the left hand side is an inner automorphism of an abelian group. Hence, the sheaves Aut(aα)
glue to a sheaf Band(G) of abelian groups, called the band of the gerbe G. The isomorphism
class of the sheaf Band(G) is independent of the choice of the covering {Uα} and of the objects
{aα}.
Definition 3.4. Let Z be a sheaf of abelian groups. A gerbe with band Z is a gerbe G, all
of whose objects over all open subsets have abelian automorphism groups, together with an
isomorphism θ : Band(G)→ Z of sheaves of abelian groups.
There is a notion of equivalence φ : F→ G between stacks F and G over a topological space
X, which consists of equivalences of categories φ(U) : F(U) → G(U), for every open subset
U of X, satisfying a natural descent condition [Br, Page 199] and [Moe, Def. 2.3, and Rem.
(i) page 12]. A morphism φ : (G, θ) → (G′, θ′) between two gerbes (G, θ), (G′, θ′) with band
Z is an equivalence φ : G → G′ of fibered categories satisfying θ′φ = θ. Two gerbes (G, θ),
(G′, θ′) with band Z are said to be equivalent if there exists a third gerbe (F, ρ) with band Z
and morphisms from (F, ρ) to each of (G, θ) and (G′, θ′) [Moe, Paragraph after Def. 3.2]. The
set of equivalence classes of gerbes with abelian band Z is denoted by Gerbes(X,Z). If the
pair (X,Z) has the property that every open covering of X admits a refinement U := {Uα}α∈I ,
such that H1(Uαβ ,Z) = 0, for all α, β ∈ I, then there is a bijective correspondence
(3.2) Gerbes(X,Z) ∼= Hˇ2(X,Z),
with the second Cˇech cohomology group with coefficients in Z, by [Gi], [Br, Theorem 5.2.8] and
by1 [Moe, Theorem 3.1]. The vanishing H1(Uαβ ,Z) = 0 is satisfied for good open coverings (for
which all non-empty finite intersections are contractible), and abelian local systems Z, and so
the above property holds for (X,Z), whenever X is a Hausdorff manifolds and Z is an abelian
local system.
1Note that the additional vanishing of the cohomologies H2(Uαβ , Z(Kα)|Uαβ) and H
1(Uαβγ , Z(Kα)|Uαβγ)
with coefficients in the center of a non-abelian band K, assumed in [Moe, Theorem 3.1], is not needed as it
is only used in the Remark preceding [Moe, Def. 3.2] to lift a cocycle of outer automorphisms to a cocycle of
automorphisms. In our case of an abelian band Z such a lift is not needed.
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Definition 3.5. Denote by Gerbes0(X,Z) the set of equivalence classes of gerbes G with band
Z such that X admits an open covering U := {Uα}α∈I with objects aα ∈ G(Uα), such that
Hom(aα|Uαβ , aβ |Uαβ) is the trivial Aut(aα|Uαβ)-torsor, for all α, β ∈ I with non-empty Uαβ .
If X is a Hausdorff manifold and Z is an abelian local system, then Gerbes0(X,Z) =
Gerbes(X,Z), by the vanishing H1(Uαβ ,Z) = 0 for a good covering. Note that once the
property in the above Definition holds for an open covering, it holds also for every refinement
of this covering. The above bijection (3.2) associates to a gerbe (G, θ) a Cˇech cohomology class
represented by a 2-cocycle gαβγ := θα(fαβfβγf
−1
αγ ) ∈ Z(Uαβγ) associated to choices of isomor-
phisms fαβ : aβ |Uαβ → aα|Uαβ [Moe, Prop. 3.1]. The proof of [Moe, Theorem 3.1] constructs,
more generally, a bijection Gerbes0(X,Z) ∼= Hˇ
2(X,Z), for any topological space X and a sheaf
of abelian groups Z.
Fix a lattice Λ and a finite group G. Let B be an analytic space and κ : B → MΛ,G
a morphism. Consider the fibered category κ−1G over B, which associates to an open set
U ⊂ B the following category κ−1G(U). Objects of κ−1G(U) are triples (π, η, ψ) consisting of
a family π : X → U of irreducible holomorphic symplectic manifolds, an isometric trivialization
η : R2π∗Z → ΛU , and a trivialization ψ : Aut0(π) → GU , such that for each point u ∈ U the
triple (Xu, ηu, ψu) represents the isomorphism class corresponding to the point κ(u) of MΛ,G. A
morphism in Homκ−1G(U)((π, η, ψ), (π˜, η˜, ψ˜)) is an isomorphism f : X → X˜ , satisfying π = π˜f ,
such that the induced isomorphism of local systems f∗ : R2π˜∗Z→ R
2π∗Z satisfies η˜ = ηf
∗ and
such that ψ˜ = ψAdf , where Adf : Aut0(π˜)→ Aut0(π) is the isomorphism of sheaves of groups
induced by conjugation by f .
Lemma 3.6. The fibered category κ−1G is a gerbe over B with band ZB, where Z is the center
of G.
Proof. It suffices to prove that the fibered category G over MΛ,G, associated to the identity
morphism, is a gerbe with band Z, as the more general κ−1G described above is simply the
inverse image of G via κ and is thus a gerbe with band ZB , by [Br, Prop. 5.2.6]. Property (1)
of Definition 3.3 holds, by definition of morphisms in G. The vector space H0(X,TX) vanishes
for every irreducible holomorphic symplectic manifold X, and the dimension of H1(X,TX) is
the Hodge number h1,1(X). Hence, the versal Kuranishi family of X is universal [BHPV, Ch.
I, Theorems (10.3) and (10.5)]. Every point t := (X0, η0) of MΛ admits a simply connected
open neighborhood U , over which we have a universal family of deformations of X0, as MΛ is
constructed by gluing such families [Hu2, Prop. 4.3]. The same holds for MΛ,G, by Lemma
2.2. Let b be a point of MΛ,G and let (Xb, ηb, ψb) represent the isomorphism class b. Choose
a simply connected open neighborhood U ⊂MΛ,G of b, over which we have a universal family
π : X → U of deformations of Xb. The local systems R
2π∗Z and Aut0(π) are trivial, since U
is simply connected, and so ηb and ψb extend to an isometric trivialization η : R
2π∗Z → ΛU
and a trivialization ψ : Aut0(π) → GU . We get the object (π, η, ψ) in G(U). Property (2)
of Definition 3.3 follows. Property (3) of Definition 3.3 holds, since the universal family is
universal for each of its fibers (see [BHPV, Ch. I, Theorems (10.3) and (10.6) and the Remark
following (10.6)]).
Given an open subset U of MΛ,G and an object a := (π, η, ψ) in G(U), the sheaf AutG(U)(a)
is isomorphic to the center of Aut0(π) and ψ restricts to an isomorphism from the center of
Aut0(π) onto ZU . The isomorphisms induced by the ψ’s are compatible with the gluing trans-
formations λξαβ in (3.1), by definition of morphisms in G. Hence, the band of G is isomorphic
to Z. 
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Lemma 3.7. The gerbe G over MΛ,G satisfies the property in Definition 3.5 and is hence
represented by a class [G] in Hˇ2(MΛ,G, Z).
Proof. It suffices to consider the restriction of G to a connected component M0Λ,G of MΛ,G. Set
P˜ := P ◦ φ : M0Λ,G → ΩΛ. Let U := {Ui}i∈I be an open covering of M
0
Λ,G, such that there
exists over each Ui a universal family πi : Xi → Ui with trivializations ηi of R
2πi,∗Z and ψi
of Aut0(πi) and P˜ restricts to each Ui as a homeomorphism P˜ : Ui → Vj(i) := P˜ (Ui), where
j : I → J is a function and {Vj}j∈J is a good covering of ΩΛ. Such a covering exists, since
ΩΛ is a Hausdorff manifold, and so every open covering of ΩΛ admits a refinement by a good
covering. Then Vj(i1)∩Vj(i2) is simply connected, for all i1, i2 ∈ I, but the intersection Ui1 ∩Ui2
need not be simply connected.
Denote by Xi1 |Vj(i1) ∩Vj(i2) the restriction to Vj(i1) ∩Vj(i2) of the pullback via P˜
−1 : Vj(i1) →
Ui1 of Xi1 . Define Xi2 |Vj(i1) ∩ Vj(i2) similarly. The morphisms πi1 and πi2 are weakly Ka¨hler,
by [BL, Lemma 4.14], and hence so is the fiber product
πi1i2 : Xi1i2 → Vj(i1) ∩ Vj(i2)
of Xi1 |Vj(i1)∩Vj(i2) and Xi2 |Vj(i1)∩Vj(i2) over Vj(i1)∩Vj(i2), by [F1, (2.2)]. Let D → Vj(i1)∩Vj(i2)
be the relative Douady space of πi1i2 . We refer to [BL, Def. 2.3] for the definition of weakly
Ka¨hler. All we need is that it is the property required to conclude that every irreducible
component of D is proper over Vj(i1) ∩ Vj(i2), by the main theorem of [F2]. Let D0 be the
(finite) union of irreducible components which contain points parametrizing the graph of an
isomorphism ft : Xi1,t → Xi2,t, t ∈ Ui1 ∩ Ui2 , compatible with the markings ηik,t and ψik ,t,
k = 1, 2. Then D0 intersects the inverse image of P˜ (Ui1 ∩ Ui2) in a Z-torsor over P˜ (Ui1 ∩ Ui2)
(where we identify the restriction of Z to Ui1 with the center of Aut0(πi1) via ψi1). Equivalently,
D0 is a principal Z-bundle over P˜ (Ui1 ∩ Ui2). A priori this Z-bundle extends to a Z-bundle of
graphs of isomorphisms away from a closed analytic subset of Vj(i1) ∩ Vj(i2), by the properness
2
of D0 over Vj(i1)∩Vj(i2). This closed analytic subset is Vj(i1)∩Vj(i2) \ P˜ (Ui1 ∩Ui2), by definition
of MΛ,G.
Let C be a smooth and connected Riemann surface in Vj(i1)∩Vj(i2), which intersects P˜ (Ui1∩Ui2).
The inverse image C˜0 of C0 := C ∩ P˜ (Ui1 ∩Ui2) in D0 extends, abstractly, to a branched cover
C˜ of C. Note that C intersects Vj(i1) ∩ Vj(i2) \ P˜ (Ui1 ∩ Ui2) in a union of isolated points, as
the intersection is a closed proper analytic subset, by the discussion in the previous paragraph.
The triviality of the Z-bundle D0 is equivalent to that of the associated representation of the
fundamental group of Ui1 ∩ Ui2 in the abelian group Z. The latter would follow once we show
that for every such C the morphism C˜ → C is in fact unramified. Associated to every point t˜
of C˜ \ C˜0, over t ∈ [C \ C0], is a limiting cycle Γt˜ +
∑
k Yt˜,k in Xi1,t × Xi2,t, such that Γt˜ is the
graph of a bimeromorphic map as well as the unique summand dominating the fibers Xi1,t and
Xi2,t, by the proof of [Hu1, Theorem 4.3].
The group Z acts on C˜0 and this action is free and transitive on all fibers of C˜0 over C0.
Hence, Z acts transitively on the set of limiting cycles associated to points in the same fiber of
C˜ → C. We claim that the latter action is free. Indeed, if g is a bimeromorphic map from Xi1,t
to Xi2,t and f1, f2 are elements of Aut0(Xi1,t), such that gf1 = gf2, then f1 = f2. Hence, C˜ is
unramified over C. 
2More precisely, we use here also the properness of the universal subscheme of D0 × Xi1i2 over D0 and the
fact that the locus of points of the universal subscheme, where it is not an isomorphism, is closed.
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Remark 3.8. Jenia Tevelev pointed out to me that gerbes arise naturally from the construction
of the rigidification of a stack (see [ACV, Sec. 5.1]). In the above lemma the coarse moduli
space MΛ,G is the rigidification of the stack G. The construction of rigidification of a stack was
used by Gorchinskiy and Viviani to reprove the classical result that a universal family exists
over the open subset of the coarse moduli space of hyperelliptic curves of genus g without extra
automorphisms apart from the hyperelliptic involution, if and only if g is odd [GV, Prop. 4.7].
4. Vanishing of the cohomology class of a gerbe
Fix a lattice Λ isometric to the Beauville-Bogomolov-Fujiki lattice of some irreducible holo-
morphic symplectic manifold. Let W be a three dimensional positive definite subspace of ΛR.
Let QW ⊂ P(WC) be the conic of isotropic lines in WC := W ⊗R C. Denote by ι : QW → ΩΛ
the inclusion into the period domain (2.1).
Lemma 4.1. The inclusion ι is a homotopy equivalence.
Proof. Let Gr+(3,ΛR) be the Grassmannian of positive definite three dimensional subspaces
of ΛR. The identity component SO+(ΛR) of the special orthogonal group acts transitively on
Gr+(3,ΛR). The stabilizer of W in SO+(ΛR) is SO(W )×SO(W
⊥) realizing Gr+(3,ΛR) as the
quotient SO+(ΛR)/[SO(W )× SO(W
⊥)]. Now SO(W )× SO(W⊥) is a maximal compact sub-
group of SO+(ΛR) and so the latter is topologically the product of the former and a Euclidean
space, by Cartan’s Theorem [Mos, Theorem 2]. Hence, Gr+(3,ΛR) is contractible.
A point of the period domain ΩΛ corresponds to an isotropic line ℓ ⊂ ΛC, such that [ℓ +
ℓ¯] ∩ ΛR is a positive definite two-dimensional subspace V of ΛR. The natural identification of
the two dimensional real vector spaces ℓ and V endows the latter with an orientation. This
construction identifies the period domain ΩΛ with the Grassmannian of oriented positive definite
two-dimensional subspaces of ΛR [Hu3, Sec. 4.2]. Let I ⊂ ΩΛ × Gr+(3,ΛR) be the incidence
correspondence. The fiber of the projection q : I → Gr+(3,ΛR) over W is QW . The inclusion
ι˜ : QW → I of the fiber is a homotopy equivalence, since q is a fibration over a contractible
base. The fiber of the projection p : I → ΩΛ over an oriented two dimensional subspace V ⊂ ΛR
is the projectivization of the positive cone in the subspace V ⊥ of signature (1, b2 − 3), i.e. a
hyperbolic space. Hence, p is a homotopy equivalence, being a fibration with contractible fibers.
We conclude that ι = p ◦ ι˜ is the composition of two homotopy equivalences and so is such as
well. 
Let X be an irreducible holomorphic symplectic manifold and ω a Ka¨hler class on X. Set
V := [H2,0(X)⊕H0,2(X)]∩H2(X,R) and setW := V +Rω. ThenW is a positive definite three
dimensional subspace of H2(X,R). Let I be the complex structure of X. There exists a unique
Ricci flat hermetian metric g on X, whose imaginary part is a Ka¨hler form representing the
class ω, by Yau’s proof of the Calabi conjecture [Be1]. Furthermore, there exists two additional
complex structures J and K, covariantly constant with respect to the Riemannian metric which
is the real part of the hermetian metric g, such that IJ = K. The identity, I, J , and K span
a subalgebra of endomorphisms of the real tangent bundle, which is isomorphic to the algebra
H of quaternions. The two-sphere
Twω := {aI + bJ + cK : a
2 + b2 + c2 = 1},
of purely imaginary unit quaternions, consists of integrable complex structures. The Riemann-
ian metric and each of these complex structures It ∈ Twω determine a Ka¨hler form ωt on
the manifold X underlying X, hence a Hodge structure. Denote by Xt the complex manifold
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(X, It). The map κ : Twω → P(H
2(X,C)), sending It to H
2,0(Xt), is a diffeomorphic embed-
ding whose image is QW [Hu1, 1.17]. Endow Twω with the complex structure of QW , which is
isomorphic to the complex projective line. We get a complex structure on the smooth manifold
X := X × Twω, such that the projection
(4.1) π : X → Twω
is holomorphic, and the fiber of π over It ∈ Twω is isomorphic to (X, It) [HKLR, Sec. 3(F)].
The above family is known as the twistor family associated to the Ka¨hler form ω.
Choose a marking η0 : H
2(X,Z) → Λ. It extends uniquely to an isometric trivialization
η : R2π∗Z→ ΛTwω , since Twω is simply connected. We get an embedding
κπ,η : Twω →M
0
Λ
into the connected component of MΛ containing (X, η0).
Lemma 4.2. The pullback homomorphism κ∗π,η : Hˇ
∗(M0Λ, A) → Hˇ
∗(Twω, A) is an isomor-
phism, for every abelian group A.
Proof. The composition P ◦ κπ,η : Twω → ΩΛ with the period map P is the embedding of
the base Twω of the twistor family as the conic Qη(W ) of isotropic lines in the complexifica-
tion of the positive three dimensional subspace η(W ) of ΛR. Set ι := P ◦ κπ,η. The pull-
back ι∗ : Hˇ∗(ΩΛ, A) → Hˇ
∗(Twω, A) is an isomorphism, by Lemma 4.1, and the pullback
P ∗ : Hˇ∗(M0Λ, A)→ Hˇ
∗(ΩΛ, A) is an isomorphism, by Lemma 2.3. Hence, κ
∗
π,η = ι
∗ ◦ (P ∗)−1 is
an isomorphism as well. 
Proof of Theorem 1.1. Choose some twistor family (4.1). The local system Aut0(π) over
Twω is trivial, as the latter is simply connected. Choose a trivialization ψ : Aut0(π)→ GTwω , let
κπ,η,ψ : Twω →MΛ,G be the classifying morphism, and let M
0
Λ,G be the connected component
containing its image. Let Z be the center of G. Then κ∗π,η,ψ : Hˇ
∗(M0Λ,G, Z) → Hˇ
∗(Twω, Z) is
an isomorphism, by Lemmas 4.2 and 2.2.
Let G be the gerbe over M0Λ,G associated to the identity morphism from M
0
Λ,G to itself as in
Lemma 3.6. Let F := κ−1π,η,ψG be the gerbe over Twω associated to the morphism κπ,η,ψ as in
Lemma 3.6. Equivalence classes of gerbes over Twω with band a sheaf Z of abelian groups are
in bijection with cohomology classes in Hˇ2(Twω,Z) [Gi], [Br, Theorem 5.2.8]. The equivalence
class [F] of F in Hˇ2(Twω, Z) vanishes, since we have the object (π, η, ψ) in F(Twω). Similarly,
the gerbe G is represented by a class [G] in Hˇ2(M0Λ,G, Z), by Lemma 3.7. The morphism
κπ,η,ψ pulls back the class [G] to [F]. Hence, κ
∗
π,η,ψ([G]) vanishes. We conclude that the class
[G] vanishes, since κ∗π,η,ψ is an isomorphism. Consequently, G(M
0
Λ,G) has an object, by [Gi,
III.2.1.1.2].
The set of isomorphism classes of objects of G(M0Λ,G) is a torsor for the group Hˇ
1(M0Λ,G, Z),
by [Br, Prop. 5.2.5]. The latter is the trivial group, by Lemmas 4.2 and 2.2. Hence, G(M0Λ,G)
has a unique object, up to isomorphism. The forgetful morphism φ restricts to an isomorphism
φ : M0Λ,G → M
0
Λ (Lemma 2.2), transferring the object of G(M
0
Λ,G) to a Λ-marked family
(π : X →M0Λ, η) over M
0
Λ.
It remains to prove the universal property of (π, η). Let (π˜ : X˜ → B, η˜) be a Λ-marked
family over a connected analytic space B, let κ : B → MΛ be the classifying morphism, and
let M0Λ be the connected component containing its image. The family π : X → M
0
Λ is locally
universal, as it restricts to a universal Kuranishi family over an open neighborhood of each
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point of M0Λ. Hence, the Λ-marked families (π˜, η˜) and (κ
∗(π), κ∗(η)) are locally isomorphic.
Let P := Isom((π˜, η˜), (κ∗(π), κ∗(η))) be the local system of isomorphisms of the two families,
which are compatible with the markings. Then P is an Aut0(π˜) torsor and (κ
∗(π), κ∗(η)) is
isomorphic to (π˜, η˜)× P. 
Remark 4.3. Let X be an irreducible holomorphic symplectic manifold, Diff(X) its diffeomor-
phism group, and Diff0(X) the subgroup of elements isotopic to the identity. An easy sufficient
criterion for the existence of a universal family over the connected component of Teichmu¨ller
space is the triviality of the intersection Aut(X) ∩ Diff0(X) for every X in this connected
component [C, Sec. 1.4]. Such X is called rigidified [C, Def. 12].
Remark 4.4. Let (π˜ : X˜ → B, η˜) be a Λ-marked family over a connected analytic space
B, let κ : B → M0Λ be the classifying morphism, and let (κ
∗(π) : κ∗X → B,κ∗(η)) be the
pullback of the universal family. We can choose a trivialization ψ : Aut0(κ
∗(π)) → GB, by
Lemma 2.2. Thus, the orbit of the isomorphism class of the principal G-bundle P(π˜,η˜) :=
Isom((κ∗(π), κ∗(η)), (π˜, η˜)), under the group Out(G) of outer automorphisms, is an invariant of
the Λ-marked family (π˜, η˜). Let us reconstruct this invariant more directly under the assumption
that the fibers of π˜ are rigidified (Remark 4.3). Fix a fiber X of π˜. Let Diff ′(X) be the
subgroup of Diff(X) fixing the connected component of Teichmu¨ller space containing X and
acting trivially on H2(X,Z). Γ := Diff ′(X)/Diff0(X) is a subgroup of the mapping class group
Diff(X)/Diff0(X). The natural homomorphism h : Aut0(X) → Γ is an isomorphism. Indeed,
h is injective, as X is assumed to be rigidified, and surjective by [Ver, Theorem 4.26(iii) and
Cor. 4.31] (the groups Γ and Aut0(X) are denoted by GI and KI in [Ver]). The Λ-marked
family (π˜, η˜) is differentiably locally trivial. Hence, there exists an open covering {Ui} of B
and trivializations X˜|Ui
∼= X×Ui, such that the gluing transformations are given by continuous
maps from Ui∩Uj to Diff
′(X). These gluing transformations yield a principal Diff ′(X)-bundle,
hence a principal Γ-bundle, hence a principal Aut0(X)-bundle, which coincides with the one
described above.
Acknowledgements: This work was partially supported by a grant from the Simons Foun-
dation (#427110). I thank Zhiyuan Li for his interesting talk, and for asking whether universal
families exist over Teichmu¨ller spaces of holomorphic symplectic manifolds, at the workshop
“Hyper-Ka¨hler Manifolds, Hodge Theory, and Chow Groups” at the Tsinghua Sanya Inter-
national Mathematics Forum in December 2016. I thank the organizers, Radu Laza, Kieran
O’Grady, and Claire Voisin for the invitation to this interesting and instructive workshop. I
thank Daniel Huybrechts and Sukhendu Mehrotra for helpful communications and for their
comments on an earlier draft of this note. I thank Jenia Tevelev for Remark 3.8. I thank the
referee for his numerous insightful comments and suggestions.
References
[ACV] Abramovich, D., Corti, A., Vistoli, A.: Twisted bundles and admissible covers. Special Issue in honor
of Steven L. Kleiman, Comm. Algebra 31, 3547–3618 (2003).
[Be1] Beauville, A.: Varietes Ka¨hleriennes dont la premiere classe de Chern est nulle. J. Diff. Geom. 18, p.
755–782 (1983).
[Be2] Beauville, A.: Some remarks on Ka¨hler manifolds with c1 = 0. Classification of algebraic and analytic
manifolds (Katata, 1982), 1–26, Progr. Math., Birkha¨user Boston, Boston MA 1983.
[BHPV] Barth, W., Hulek, K., Peters, C., Van de Ven, A.: Compact complex surfaces. Second edition. Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics, 4.
Springer-Verlag, Berlin, 2004.
UNIVERSAL FAMILIES OF MARKED COMPACT HYPERKA¨HLER MANIFOLDS 13
[BL] Bakker, B., Lehn, C.: The global moduli theory of symplectic varieties. Electronic preprint
arXiv:1812.09748v1.
[Br] Brylinski, J.: Loop spaces, characteristic classes and geometric quantization. Reprint of the 1993 edition.
Modern Birkha¨user Classics. Birkha¨user Boston, Inc., Boston, MA, 2008.
[BNS] Boissie`re, S., Nieper-Wisskirchen, M., Sarti, A.: Higher dimensional Enriques varieties and automor-
phisms of generalized Kummer varieties. J. Math. Pures Appl. 95 (2011) 553–563.
[BLMM] Bergeron, N., Li, Z., Millson, J., and Moeglin, C.: The Noether-Lefschetz conjecture and generalizations.
Electronic preprint arXiv:1412.3774.
[C] Catanese, F.: A superficial working guide to deformations and moduli. Handbook of moduli. Vol. I,
161–215, Adv. Lect. Math. (ALM), 24, Int. Press, Somerville, MA, 2013.
[F1] Fujiki, A.: On the Douady space of a compact complex space in the category C. Nagoya Math. J., Vol.
85 (1982), 189–211.
[F2] Fujiki, A.: On the Douady space of a compact complex space in the category C, II. Publ. RIMS, Kyoto
Univ. 20 (1984), 461–489.
[Gi] Giraud, J.: Cohomologie non abe´lienne. Die Grundlehren der mathematischen Wissenschaften, Band
179. Springer-Verlag, Berlin-New York, 1971.
[GV] Gorchinskiy, S., Viviani, F.: A note on families of hyperelliptic curves. Arch. Math. 92 (2009), 119–128.
[HKLR] Hitchin, N., Karlhede, A., Lindstro¨m, U., Rocˇek, M.: Hyper-Ka¨hler metrics and supersymmetry. Comm.
Math. Phys. 108 (1987), no. 4, 535–589.
[HT] Hassett, B., Tschinkel, Y.: Hodge theory and Lagrangian planes in generalized Kummer fourfolds.Mosc.
Math. J. 13 (2013), no. 1, 33–56.
[Hu1] Huybrechts, D.: Compact Hyperka¨hler Manifolds: Basic results. Invent. Math. 135 (1999), no. 1, 63-113
and Erratum: Invent. Math. 152 (2003), no. 1, 209–212.
[Hu2] Huybrechts, D.: A global Torelli theorem for hyperka¨hler manifolds [after M. Verbitsky]. Se´minaire
Bourbaki: Vol. 2010/2011. Aste´risque No. 348 (2012), Exp. No. 1040, 375–403.
[Hu3] Huybrechts, D.: Moduli spaces of hyperka¨hler manifolds and mirror symmetry. Intersection theory and
moduli, 185–247, ICTP Lect. Notes, XIX, Abdus Salam Int. Cent. Theoret. Phys., Trieste, 2004.
[Ma] Markman, E.: A survey of Torelli and monodromy results for hyperkahler manifolds. In “Complex and
Differential Geometry”, W. Ebeling et. al. (eds.), Springer Proceedings in Math. 8, (2011), 257–323.
[Moe] Moerdijk, I.: Introduction to the language of stacks and gerbes. Electronic preprint arXiv:0212266v1.
[Mos] Mostow, G. D.: A new proof of E. Cartan’s theorem on the topology of semi-simple groups. Bull. Amer.
Math. Soc. 55 (1949), 969–980.
[O’G1] O’Grady, K.: Desingularized moduli spaces of sheaves on a K3. J. Reine Angew. Math. 512 (1999),
49–117.
[O’G2] O’Grady, K.: A new six-dimensional irreducible symplectic variety. J. Algebraic Geom. 12 (2003), no.
3, 435–505.
[Og] Oguiso, K.: No cohomologically trivial non-trivial automorphisms of generalized Kummer manifolds.
Electronic preprint arXiv:1208.3750v3.
[Ver] Verbitsky, M.: Mapping class group and a global Torelli theorem for hyperka¨hler manifolds. Duke Math.
J. 162 (2013), no. 15, 2929–2986.
Department of Mathematics and Statistics, University of Massachusetts, Amherst, MA 01003,
USA
E-mail address: markman@math.umass.edu
